A monolayer of CrI3 is a two-dimensional crystal that in its equilibrium configuration is a ferromagnetic semiconductor, however, two coupled layers can be ferromagnetic or antiferromagnetic depending on the stacking. We study the magnetic phase diagram upon the strain of the antiferromagnetically coupled bilayer with C2/m symmetry. We found that strain may be an efficient tool to tune the magnetic phase of the structure. A tensile strain stabilizes the antiferromagnetic phase, while a compressive strain turns the system ferromagnetic. We understood that behavior by looking at the relative displacement between layers due to the strain. We also study the evolution of the magnetic anisotropy, the magnetic exchange coupling between Cr atoms, and how the Curie temperature is affected by the strain.
INTRODUCTION
The synthesis or manufacture of two-dimensional materials (2D) has revolutionized solid-state physics, dozens of monolayer materials have been synthesized and measured their properties while many others have been predicted theoretically allowing us to think in a la carte design of devices 25, 35 . These 2D materials have already broken some record properties and we now have at hand metals, semiconductors, topological insulators and insulators that might be used in practical devices. A 2D material does not necessarily imply a single atomic layer but a less strict definition that implies a different behavior than the bulk. In fact assembling layers of these materials in different ways has led to the discovery of correlation phenomena like superconductivity 2 , furthermore the combination of materials with different properties has led to heterostructures with new interesting properties 6 .
Recently a magnetic ordering was experimentally found in 2D materials, first in a monolayer of iron phosphorus trisulfide FePS 3 26,44 , later in a Chromiun triiodide monolayer (CrI 3 ) and in a bilayer CrGeTe 3 8,15 structures. The first one posses intrinsic antiferromagnetic order while the other have ferromagnetic ordering. Moreover a van der Waal(vdW) layered Fe 3 GeTe 2 crystal remains ferromagnetic when thinned down to a monolayer 5 .
The Chromium halides (CrX 3 , X=Cl, Br, I) belong to the family of vdW layered materials, with an hexagonal crystal structure within the layer and with layers weakly bonded by vdW forces. The magnetic ordering increases with the size of the halogen from Cl to I. The three structures have a FM order within the layers and an AF coupling between layers. The superexchange mechanism which favors FM ordering is more important than the direct interaction between Cr atoms. In CrCl 3 the spins are aligned parallel to the layers plane while in CrBr 3 and CrI 3 the direction of the spins is perpendicular to the plane. The spin orbit coupling of the halides increases with the size of the atom and this has been identified as the origin of the magnetic anisotropy 23 . A bulk crystalline CrI 3 exhibits Ising ferromagnetism (FM) below a Curie temperature (T C ) of 61 K, it was not surprising then the finding of ferromagnetic ordering in a monolayer of this material, however a bilayer structure displays an antiferromagnetic (AF) behavior 15 and even more it is possible to tune the magnetic phase with an external electric field 14, 19, 34 , with their evident implications in designing electronic devices. A systematic study of the bulk CrI 3 crystal reveals that there are two possible structural phases, one is a monoclinic arrangement with a C2/m space group symmetry, 16, 18 which is the most stable configuration when the temperature is higher than 200 K 32 , below that Temperature a phase transition occurs to a rhombohedral stacking, space group R3. Density Functional Theory (DFT) studies have revealed that bilayer structures with the two mentioned symmetries have different magnetic ordering, the C2/m bilayer structure is antiferromagnetic while the R3 structure is ferromagnetic 34, 42 . This fact apparently contradicts the measured magnetic phase of the bilayer structure, taking into account that arXiv:1911.09734v1 [cond-mat.mes-hall] 21 Nov 2019 the experimental measurements were done at temperatures well below 200 K. However it is noteworthy to mention that the structures are fabricated at high temperatures and then encapsulated, which favors the appearance of the C2/m stacking at low temperatures.
The magnetic phase of a single layer of CrI 3 can be controlled by strain, a compressive strain of around 6% turn the system antiferromagnetic 46 . The transition can be understood in terms of a competition between the AF Cr-Cr direct exchange interaction and the FM superexchange interaction. A compressing strain will bring the two Chromium atoms closer and the system becomes antiferromagnetic. However, we have found some discrepancies that we will discuss later on about whether the transition from FM to AF occurs with compressive or tensile strain. It has recently been studied by two independent groups that a bilayer CrI 3 system undergoes a magnetic phase transition when hydrostatic pressure is applied. The system changes from AF to FM and the transition may be irreversible 28, 43 . Similar studies were carried out in multilayers of CrCl 3 40,45 In this work, we focus on the strain-induced effects in the electronic and magnetic properties of CrI 3 bilayer in the C2/m phase, we will call it a HT (high temperature) stacking. This stacking features FM coupling between chromium atoms within the layers and AF coupling between Chromium atoms of different layers. We found that for a small compressing strain around (-2%) the system undergoes an AF to FM coupling between layers. We found that the change of the magnetic phase of the bilayer structure, with an external applied strain can be related with a horizontal shift in the position of the layers that would be equivalent to a crystallographic phase change. Our results are in agreement with the conclusions of the two mentioned experimental articles 28, 43 . Therefore the strain might be an efficient tool to control the magnetic properties of bilayer CrI 3 . The tensile strain enhances the stability of the AF ordering between layers while the compressive strain changes the structure to FM ordering with a high potential barrier to revert the system to the AF state.
We study also the evolution with the applied strain of the magnetic exchange coupling between Cr atoms of the same and different layers, the changes in the bands structure and the energy needed to change the magnetic ordering of one layer given a certain order in the other layer and finally we show how the Curie temperature of the bilayer structure is affected by the strain.
II. METHODOLOGY
In Fig. 1 we show the unit cell of the HT bilayer structure, the system possess a C2/m group symmetry, with two Chromium atoms per layer forming a honeycomb lattice, each Cr atom is surrounded by six Iodine atoms conforming a distorted edge-sharing octahedron.
The equilibrium configurations are found relaxing the atomic positions and unit cell vectors using high convergence criteria. The value of the lattice constant depends slightly on the magnetic phase, however to reduce the number of free parameters we worked for all configurations with the lattice constant of the ground state, therefore for the monolayer structure we use the lattice vectors of the FM configuration, and for the bilayer we use the vectors from the phase where the coupling between layers is AF.
The calculations for the bilayer structures always include vdW interactions and a Hubbard repulsion U-term. We employed a value of U=3 eV but we tested that the results are robust, independent of the values of U, for values between 2-4 eV. In all colinear calculations, we have used Perdew-Burke-Ernzerhof (PBE) exchange 37 , in noncollinear calculations and we used Local spin density approximations LSDA to avoid gradient divergence problems, the interstitial region increases with PBE and it leads to convergence issues of the noncollinear calculation, this is more notable when the strain is positive. 1, 9, 38 We explore a large variety of magnetic configurations involving a large number of structural relaxations. We chose then a DFT approach with a suitable basis-set, making a compromise between the accuracy of the calculations and the required computational time. Most of our calculations were done with the OpenMx-code 13, 36, 48 , and later we validate our main findings against VASP 22 calculations.
III. RESULTS AND DISCUSSION
A. Stability Order
Monolayer
At the moment, the physical properties of mono-and bi-layers of CrI 3 are in constant development and there are still some disagreements. In particular, we want to clarify a discrepancy in the strain-driven transition from FM to AF state of the monolayer. On the one hand, using noncollinear calculations including a spinorbit interaction Webster et al. 46 show that the transition occurs for negative values of the strain (compression). On the other hand, using collinear calculations Wu et al. 47 claimed that the transition occurs for positive strain values (expansion). Our results using PBE and LSDA with and without spin-orbit coupling(SOC) always show that phase transition occurs for biaxial compression. There are small discrepancies between the calculations with PBE, LSDA (not shown), and LSDA+SOC. In the collinear calculation made with PBE the FM/AF transition occurs at -5% strain compression while for the calculation with LSDA and LSDA+SOC the transition occurs at a compression of -3%. In Fig. 2 we show how the total energy changes for the two magnetic ordering FM and AF and for PBE and LSDA+SOC as a function of the strain, a transition from FM to AF occurs for a compressing strain. This is consistent with the increase of the AF direct exchange coupling between the two Cr atoms as the atoms get closer.
The strain induce small displacements in the atomic positions modifying the angle of the intralayer Cr-I-Cr bond responsible for the FM superexchange mechanism 18 . For the FM layers, we obtain that the Cr-I-Cr angle changes monotonically with the strain, obtaining that for 0% strain is 91.2˝, for -5% strain is 87.4a nd for 5% is 96.2˝. The AF configuration follows the same trend.
Bilayer
We proceed now with the bilayer HT structure, with no strain the system is AF. We mention first that the distance between layers changes with the strain, the distance without strain is 6.6Å; it diminishes with a tensile strain, for an expansion of 5%, we obtain a distance of 6.4Å, and for a compression of 5%, the distance increases up to 6.8Å. This can be understood due to the rearrangement of atomic positions, as the system stretches, the repulsive force components decrease, allowing a more compact structure in a direction perpendicular to the plane.
In general for the bilayer structure we must consider two types of magnetic orders, one referring to the interaction within the same layer and the other referring to the interaction between layers. If we consider in all cases out of plane magnetization there are three non-degenerated states: I) AF in each layer Ö { Ö , II) FM in both layers Ò { Ò and III) FM in each layer and AF as a whole Ò { Ó. In Fig. 3 a we plot how the total energy for each of these three states changes with the strain and we shadowed each of the aforementioned regions in the figure. We learned form the monolayer that for compressing strain below -5%, the interaction within the layers is antiferromagnetic and we see that below that value the curve belonging to the configuration I becomes the one with less energy. In region II for compressing strain between -1.2% and -5% the system is FM and in region III that corresponds to strain values above -1.2% is characterized by an antiferromagnetic coupling between layers. The energy difference between the configurations Ò { Ò and Ò { Ó is 0.5 meV without strain.
The transition between the regions I and II is due to the same mechanism, we explained before, from FM to AF transition in monolayer where compression favors the AF coupling between Cr atoms of the same layer.
As we mentioned the magnetic ordering depends on the stacking between layers, and in general it was obtained previously a map of the magnetic ordering with the relative displacement of the layers 42 . We show that the origin of the magnetic transition with the compressive strain is related with a change in the in-plane distance between Cr atoms of different layers. In Fig. 3(b) we make a correlation between the horizontal relative straininduced movement of the Cr atoms of different layers and the magnetic phase of the system. We found that a small shift in the horizontal plane has a larger impact on the magnetic phase than a vertical compression of the layers.
In Appendix SII and Figure S1a we show that the behaviour of the magnetic phase with a horizontal displacement of one of the layers along the direction [110] without tension is the same as that found under biaxial strain, and in turn, no changes with the magnetic phase are found when layers are vertically compressed, the layers need to be decoupled to obtain a transition to a FM state, which is more difficult to achieve experimentally.
An alternative method, recently suggested in two experimental articles 28, 43 , for achieving a magnetic phase transition would be a crystallographic phase change from HT to LT driven by external pressure. This is consistent with the mechanism we propose. Furthermore, the authors observed an irreversible magnetic phase change, possibly due to the fact that at low temperatures the most stable structural phase is the rhombohedral (LT) which has been predicted to be FM 34 .
The bands structure for the FM and AF phases between -6 eV and 1 eV are dominated by the d-Cr orbitals and the p-I orbitals and states appearing at energies above 3 eV are mostly d-Cr orbitals. The bands around 1 eV of the FM phase (Ò { Ò) correspond exclusively to spin up components and around 3 eV they are spin down. This composition of the band structure, the mixing of d-Cr and p-I orbitals, favors the supersuperexchange interaction between Cr-I¨¨¨I-Cr of different layers 42 .
The band structure of the bilayer structures are slightly modified upon strain. The modifications induced by the strain are more evident in the valence bands around the Γ-point, as already observed in other semiconductors subjected to strain 10, 41 . The bands become flatter when stretched and by compressing the structure, the energy range of the bands is widened. However, we do not observe strong modifications in the band structure or band composition that could indicate changes in the supersuperexchange mechanism of magnetic interaction between layers.
B. Magnetic Exchange Interaction J and Curie Temperature
We calculated the exchange coupling parameters using the magnetic force theorem (MFT), based on a second order perturbation theory 16, 36, 48 within the OpenMX package. In monolayer CrI 3 the value of the exchange energy J remains almost constant for tensile strain while for compressive strain the value tends to diminish and for a strain lower than -4%, J changes sign and the system becomes antiferromagnetic (Fig. 4a ). This result is consistent with what we found earlier. A similar behavior is found in each layer of the bilayer structure although the value is slightly higher. We checked that this difference diminishes when we separate the layers.
In the bilayer structure we consider the interaction between Cr atoms of different layers. In Fig. 4b we show how the coupling exchange for the first and second nearest interlayer neighbors behave under strain. In both cases the value of J suffers a change of sign for a critical strain of "1%. We now proceed with the calculated J values to obtain the thermodinamical properties of the system using the Ising model 3, 30, 33 . Herein, we use a Metropolis Monte Carlo simulations to numerically solve the 2D Ising model 24 to calculate the specific heat, estimate the Curie temperature and its response upon strain in CrI 3 mono-and bi-layer. More information on the applied Ising model is included in the Supplemental Material.
We found a Curie temperature of T M C =44.4 K for the non-strained monolayer CrI 3 . A tensile strain of +3% slightly increases the T M C reaching 51.4 K. We showed before that the exchange coupling J is more susceptible to compressive strain, therefore the Curie temperature and the specific heat changes significantly with compression, for instance, the Curie temperature decreases to a value of T M C =14.1 K for a compressing strain of -3%. The values of J and T C found for monolayer and bilayer for 0% strain agree with previous theoretical and experimental reports 15, 21 .
Although the values of in-plane J Cr´Cr for the bilayer is slightly larger than in the monolayer case the Curie temperature is slightly lower by " 4 K in the non-strain case. For zero and positive strain, the bilayer Curie temperature T B C decreases compared with its monolayer ana-logue T M C . The discrepancy increases with the strain. For -3% strain the Curie temperature increases while for zero and positive strain, the T B C decreases compared with the monolayer value. For more information we refer the reader to the Section SIV and Figure S3 . 
C. Layer Constrained Magnetic Anisotropy Energy
To check the reliability of our noncollinear calculations using LSDA+SOC in OpenMx, we have calculated the magnetic anisotropy energy (MAE) for the monolayer using the standard definition ε M AE " E K´E{{ . For 0% strain, we obtain a MAE of ε M AE " 0.68 meV per Cr atom with an easy axis perpendicular to the atomic plane, consistent with the previously reported value ε M AE " 0.65 meV for all-electron calculations 23 , and ε M AE " 0.98 meV for a self-consistent approach 17 . If we apply strain we find a maximum of the MAE for a -6% strain, ε M AE " 1.5 meV, however when we apply a tensile strain the value decreases reaching a value of ε M AE " 0.32 meV per Cr atom for a 6% strain.
As we mentioned before, several magnetic ordering are possible in the bilayer structure, it is not possible to unequivocally define a magnetic anisotropy energy valid in all cases. To get a sense of the variations in energy associated with the change in the direction of the magnetic moment, we focus first on a configuration where the Cr atoms of each layer are ferromagnetically coupled. Then, we fix the magnetic moment of the lower layer in the positive z-direction while we change the direction of the magnetic moment in the upper layer. We call it Layer Constrained Magnetic Anisotropy Energy (LC-MAE). In the figure 5 , the angle 0˝corresponds to a ferromagnetic coupling between layers (Ò { Ò), and the angle of 180˝corresponds to an antiferromagnetic coupling between layers (Ò { Ó). We set the zero energy for each curve to the magnetic FM ordering (Ò { Ò), where all spins are aligned (α "0˝). A negative value will mean a more stable phase.
Another way to read this graph would be that the higher the value the more difficult to achieve that particular configuration, that way the higher values are obtained for α «90˝-120˝. When α=180˝it can be seen that without and for a tensile strain the most stable configuration is AF while for a compressive strain of 5% to change to an AF (Ò { Ó) configuration is quite expensive.
With the advent of 2D materials an analogy between the magnetic field and strain has been widely studied in graphene and other thin films 4, 7, 20, 27, 39 . Our results in mono-and bi-layer seem to indicate that this analogy may be extrapolated to CrI 3 and other transition metal halides.
IV. FINAL REMARKS
We found that strain can be an efficient way to control the magnetic properties of bilayer CrI 3 . A tensile strain can stabilize the AF phase of the HT bilayer system while the compression causes the magnetic phase change from AF to FM, the higher the compression, the higher the potential barrier to be overcome to return to the AF phase. We showed that the phase change due to compression would be related to a change in the crystalline phase of the system due to the horizontal shift of the layers, our results are in agreement with recent experimental measurements 28, 43 . The reported phase diagram in CrI 3 mono-and bi-layers will help researchers to propose new heterostructures based on CrI 3 and its relatives.
Supplemental Material: Strain-induced phase transition in CrI 3 bilayers
SI. METHODOLOGY
OpenMX uses a linear combination of pseudo-atomic orbitals (PAO). After a convergence check, we set a s3p3d2/s3p3d2f1 basis set and a cutoff radius of 6.0/7.0 a.u. for Cr/I atoms in our calculations. 12, 29 We solve the fully relativistic Kohn-Sham equation 31 in the LSDA and the PBE exchange-correlation functional are used with a plane-wave cutoff of 300 Ry. The strong interactions between the 3d electrons in the Cr atoms are taking into account by adding the Hubbard parameter U. We used a typical value of U " 3 eV in the dual occupation approach. 13 . All calculations, including the one to obtain the exchange coupling parameter J, were done with a dense 15ˆ15ˆ1 k-mesh and we considered a D2 method for the vdW correction 11 . The procedure for all different strains consists in a modification of the lattice constant and then a relaxation of the atomic positions keeping the lattice constants fixed.
VASP calculations were performed using projected augmented wave (PAW) potentials to describe the core electrons as implemented in the Vienna ab initio Simulation Package (VASP) 22 and the generalized gradient approximation of Perdew-Burke-Ernzerhof (PBE) to account for the exchange-correlation energy of interacting electrons. The Brillouin zone was sampled with a 10ˆ10ˆ1 k-point mesh, a plane wave basis with a kinetic energy cutoff of 450 eV was used. To avoid spurious interlayer interaction between periodic structures a 20Å spacing of vacuum was introduced along the z-axis. Structural optimization were performed by the conjugate-gradient scheme until the Hellmann-Feynman force on each atom becomes smaller than 2 meV/Å and the total energy was converged to be within 10´8 eV. The calculation were performed taken into account Van der Waals interaction in the D2 approximation A on-site Hubbard U Coulomb parameter of 3 eV was chosen to account for Cr d-orbitals strong electronic correlations.
SII. DISPLACEMENT-INDUCED PHASE TRANSITIONS
In the main text, we showed that small displacements in the atoms position induced by the strain are responsible for the change of the magnetic coupling between layers that leads to a magnetic phase change. We have calculated how a shift of one of the layers along direction [110] in fig. S1 (a) and in the out-plane direction [001] in fig. S1 (b) changes the magnetic phase in both cases without strain. We observe a change in the sign of the coupling exchange parameter J between layers by an small horizontal displacement of -0.1Å. This value is close to the one we obtained when the structure is compressed. If we change the distance between layers we need to separate the layers by 0.4Å to obtain a transition from AF to FM, the system behaves as two separate layers, no changes are found when we compress vertically the structure up to a value of 0.3 A.
SIII. BAND STRUCTURE
In Fig. S2 , we show the band structure of the bilayer system calculated using PBE+U+vdW for different strain values. The top panel shows the evolution of the antiferromagnetic coupled layers (Ò { Ó) and the bottom panel shows the ferromagnetic coupled layers (Ò { Ò).
S2
The band structure of the CrI 3 bilayer in figure S2 reveals that the bilayer HT is a semiconductor with a direct bandgap of 0.68 eV for the AF-coupled layers (ground state) and the FM-coupled bilayer is a semiconductor with an indirect bandgap of 0.53 eV. Both results are in agreement with previous reports 18 . In the AF-coupled layers (Ò { Ó) the top of the valence band appears in the Γ-point at -0.1 eV for -5% strain and -0.3 eV for 0%, on the other hand, for 5% the highest occupied state is halfway between Γ and K points. A similar scenario is repeated for the FM-coupled layers (Ò { Ò). In general, the spin up bands are slightly higher in energy than the spin down bands. At the Γ-point, for -5% strain the top of the spin up (down) band appears at -0.05 eV (-0.2 eV) and for 0% the top is at -0.23 eV (-0.4 eV). For a 5% positive strain, the top of the band is -0.3 eV (-0.5 eV). 
SIV. ISING MODEL
The Ising model is widely used to describe the magnetic coupling of low-dimensional magnetic systems 3, 30, 33 . Herein, we numerically solve the Ising model to calculate the Curie temperature T C . In our simplified model, we include nearest-neighboring exchange interactions in mono-and bi-layers. The spin Hamiltonian defined on the honeycomb lattice is
where the summation xi, jy runs over nearest-neighbor Cr sites (3 in-plane first-neighbors, 2 out-plane first-neighbors and 1 out-plane second-neighbor), J ij is the exchange parameter calculated in the previous section ( Fig. 4 ) and S i pjq is the spin S "˘3{2 of Cr atoms. Using Metropolis Monte Carlo simulations based on this 2D Ising model, 24 we have estimated the Curie temperature and its response upon strain in CrI 3 mono-and bi-layers. After a convergence test, a 20ˆ20 hexagonal superlattice with periodic boundary condition are used. The thermodynamic properties are extracted after the system reaches the equilibrium state for a given temperature. The specific heat can be determine from the energy fluctuations:
where E is the internal energy, N is the number of magnetic sites and k B Boltzmann's constant. At a critical temperature, the system undergoes a 2nd order phase transition, for temperatures below the Curie temperature the effect of the exchange J is large enough to produce spontaneous alignment of the neighbouring atomic spins. The Curie temperature, T C is extracted from the peak of the specific heat. In particular, we obtain the T C by fitting the numerical solution data from the Ising model to a Lorentzian function.
FIG. S3: Specific heat CV for the bilayer as a function of the temperature for +3%, 0% and -3% strain. The Curie temperature (T B C indicated with a black vertical line) and the fitting of data from the Ising model to a Lorentzian function shown in red. For a comparison, the Curie temperature of the monolayer T M C is indicated as a grey line.
SV. VASP RESULTS

A. Monolayer
In Fig. S4 we show the results of the calculation for the two magnetic phases FM and AF for the bilayer HT structure. This is similar to Fig. 2 in the main text and the results are in excellent agreement. In this case we set the zero energy to the value of the total energy without strain of the FM phase.
B. Bilayer
We have calculated using VASP the total energy of each configuration as a function of the strain, the results are in Fig. S5a, In Fig. S5d we show a zoom around 0% strain of the same results. The difference in energy between the two phases is plotted in S5b. The transition from AF to FM is around -2% (compressive strain). We also calculated how the magnetic moment of Cr atoms changes with the strain. The differences are small, only a variation of 0.1 µ B along the whole range studied. 
